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Abstract
We develop a formalism to construct supersymmetric backgrounds within the
superspace formulation for five-dimensional (5D) conformal supergravity given in
arXiv:0802.3953. Our approach is applicable to any off-shell formulation for 5D
minimal Poincare´ and anti-de Sitter supergravity theories realized as the Weyl mul-
tiplet coupled with two compensators. For those superspace backgrounds which
obey the equations of motion for (gauged) supergravity, we naturally reproduce the
supersymmetric solutions constructed a decade ago by Gauntlett et al. For certain
supersymmetric backgrounds with eight supercharges, we construct a large family of
off-shell supersymmetric sigma models such that the superfield Lagrangian is given
in terms of the Ka¨hler potential of a real analytic Ka¨hler manifold.
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1 Introduction
Six years ago, two of us developed the superspace approach to off-shell N = 1
supergravity-matter couplings in five dimensions (5D) [1, 2, 3].1 As concerns the Weyl
multiplet of 5D conformal supergravity, its formulation given in [3] may be simply thought
of as an alternative realization of the one discovered a few years earlier within the com-
ponent superconformal tensor calculus [5, 6].2 However, the real power of the superspace
approach of [1, 2, 3] is that it offers a generating formalism to realize the most gen-
eral locally supersymmetric σ-model couplings and hence, in principle, to construct new
quaternionic Ka¨hler metrics. This is achieved by making use of the concept of covariant
projective supermultiplets [1, 2, 3]. These supermultiplets are a curved-superspace ex-
tension of the so-called superconformal projective multiplets [9], which in the 4D N = 2
super-Poincare´ case reduce to the off-shell projective multiplets pioneered by Lindstro¨m
and Rocˇek [10]. Among the most interesting covariant projective supermultiplets are
polar ones that have infinitely many auxiliary fields. Such off-shell supermultiplets are
practically impossible to engineer or to deal with in the framework of superconformal
tensor calculus. This is why they had never appeared within the component settings of
[5, 6, 4], which deal only with hypermultiplets either with a gauged central charge [5, 4]
or that are on-shell [6].
1In five dimensions, different authors use different notations, N = 1 or N = 2, for supersymmetric
theories with eight supercharges. The notation N = 1 is used, e.g., in Refs. [1, 2, 3]. The rationale
for its use is that the case of eight supercharges corresponds to simple supersymmetry. The alternative
notation N = 2 is used, e.g., in [4, 5, 6]. The reason for this choice is that dimensional reduction of
five-dimensional theories with eight supercharges leads to N = 2 theories in four dimensions.
2The minimal multiplet of 5D N = 1 supergravity was originally sketched, within a superspace setting,
by Howe in 1981 [7] (using the supercurrent multiplet constructed in [8]) and fully elaborated in [1, 2].
It was re-discoverd by Zucker [4] who elaborated on the component implications of [7].
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The superspace formulation developed in [1, 2, 3] provides a universal setting to gen-
erate off-shell supersymmetric field theories on curved backgrounds. For instance, the
general 5D N = 1 rigid supersymmetric theories in AdS5, which were constructed in
[11], can easily be read off from the supergravity-matter systems proposed in [1, 2, 3] by
properly freezing the supergravity fields. Of course, the problem of constructing super-
symmetric field theories on a given spacetime is well formulated only if this manifold is a
supersymmetric background, i.e. it admits rigid supersymmetries. Thus one is naturally
led to the more general problem of looking for those curved superspaces that possess
(conformal) isometries. In the case of 4D N = 1 old minimal supergravity, the latter
problem was addressed in [12] almost twenty years ago. The approach presented in [12]
is universal, for in principle it may be generalized to supersymmetric backgrounds associ-
ated with any supergravity theory formulated in superspace. In particular, it has already
been used to construct rigid supersymmetric field theories in 5D N = 1 [11], 4D N = 2
[13, 14, 15] and 3D (p, q) anti-de Sitter [16, 17, 18] superspaces.
Recently, a number of publications have appeared devoted to the construction of su-
persymmetric backgrounds associated with off-shell supergravity theories in diverse di-
mensions, see [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36] and
references therein. Inspired by [19], these works used component field considerations. In
the case of 4D N = 1 supergravity, it was shown [37] how to derive the key component
results of, e.g., [19, 26] from the more general superspace construction of [12]. Recently,
the formalism of [37] was extended to construct supersymmetric backgrounds [38] asso-
ciated with all known off-shell formulations for 3D N = 2 supergravity [16, 39]. The
results obtained are in agreement with the component considerations of [30, 31, 35]. In
the present paper, we apply the ideas and techniques developed in [37, 38] to construct
supersymmetric backgrounds associated with 5D N = 1 supergravity.
This paper is organized as follows. Section 2 contains a brief review of the super-
space formulation for 5D conformal supergravity [3]. In section 3 we study (conformal)
isometries of a background superspace. In section 4 we study bosonic backgrounds that
possess at least one (conformal) Killing spinor. Maximally supersymmetric backgrounds
are described in section 5. Sections 6 and 7 are concerned with additional restrictions
on the background geometry, which arise when a single conformal compensator, a vector
multiplet or an O(2) multiplet, is turned on. Section 8 is devoted to supersymmetric
backgrounds in off-shell supergravity. Supersymmetric solutions in Poincare´ and anti-de
Sitter supergravity theories are studied in section 9. Finally, concluding comments are
given in section 10.
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The main body of the paper is accompanied by two technical appendices. In Appendix
A we recall how the problem of computing the (conformal) isometries of a curved spacetime
is addressed within the Weyl-invariant formulation for gravity. In Appendix B we discuss
the properties of bilinears constructed from a conformal Killing spinor.
2 The Weyl multiplet in superspace
In this section we briefly review the superspace description [3] of the Weyl multiplet
of 5D conformal supergravity. Our notation and conventions follow those introduced in
[40] (see also the appendix of [2]).
Let zMˆ = (xmˆ, θµˆi ) be local bosonic (x) and fermionic (θ) coordinates parametriz-
ing a curved five-dimensional superspace M5|8, where mˆ = 0, 1, · · · , 4, µˆ = 1, · · · , 4,
and i = 1, 2. The Grassmann variables θµˆi are assumed to obey the standard pseudo-
Majorana reality condition (θµˆi )
∗ = θiµˆ = εµˆνˆ ε
ij θνˆj . The tangent-space group is chosen
to be SO(4, 1)× SU(2) and the superspace covariant derivatives DAˆ = (Daˆ,D
i
αˆ) have the
form
DAˆ = EAˆ + ΩAˆ + ΦAˆ . (2.1)
Here EAˆ = EAˆ
Mˆ(z) ∂Mˆ is the (inverse) supervielbein, with ∂Mˆ = ∂/∂z
Mˆ ,
ΩAˆ =
1
2
ΩAˆ
bˆcˆMbˆcˆ = ΩAˆ
βˆγˆ Mβˆγˆ , Maˆbˆ = −Mbˆaˆ , Mαˆβˆ = Mβˆαˆ (2.2)
is the Lorentz connection, and
ΦAˆ = Φ
kl
Aˆ
Jkl , Jkl = Jlk (2.3)
is the SU(2) connection. The Lorentz generators with vector indices (Maˆbˆ) and spinor
indices (Mαˆβˆ) are related to each other by the rule: Maˆbˆ = (Σaˆbˆ)
αˆβˆMαˆβˆ. The generators
of SO(4, 1)× SU(2) act on the covariant derivatives as follows:3
[Jkl,Diαˆ] = ε
i(kDl)αˆ , [Mαˆβˆ,D
k
γˆ ] = εγˆ(αˆD
k
βˆ)
, [Maˆbˆ,Dcˆ] = 2ηcˆ[aˆDbˆ] , (2.4)
where Jkl = εkiεljJij .
The supergravity gauge group is generated by local transformations of the form
δKDAˆ = [K,DAˆ] , K = ξ
Cˆ(z)DCˆ +
1
2
K cˆdˆ(z)Mcˆdˆ +K
kl(z)Jkl , (2.5)
3The operation of (anti-)symmetrization of n indices is defined to involve a factor (n!)−1.
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with all the gauge parameters obeying natural reality conditions but are otherwise arbi-
trary. Given a tensor superfield U(z) (with its indices suppressed), its transformation law
under the supergravity gauge group is
δKU = KU . (2.6)
By construction, the covariant derivatives have (anti-)commutation relations of the
general form
[DAˆ,DBˆ} = TAˆBˆ
CˆDCˆ +
1
2
RAˆBˆ
cˆdˆMcˆdˆ +RAˆBˆ
klJkl , (2.7)
where TAˆBˆ
Cˆ is the torsion, and RAˆBˆ
cˆdˆ and RAˆBˆ
kl are the SO(4,1) and SU(2) curvature
tensors, respectively.
To describe conformal supergravity, the covariant derivatives have to obey certain
constraints [3]. Upon solving the Bianchi identities for the constraints imposed, it can
be shown that the covariant derivatives are characterized by the (anti-)commutation re-
lations:
{
Diαˆ,D
j
βˆ
}
= −2i εijDαˆβˆ − i εαˆβˆε
ijX cˆdˆMcˆdˆ +
i
4
εijεaˆbˆcˆdˆeˆ(Γaˆ)αˆβˆNbˆcˆMdˆeˆ
−
i
2
εaˆbˆcˆdˆeˆ(Σaˆbˆ)αˆβˆCcˆ
ijMdˆeˆ + 4iS
ijMαˆβˆ + 3i εαˆβˆε
ijSklJkl
−i εijCαˆβˆ
klJkl − 4i
(
Xαˆβˆ +Nαˆβˆ
)
J ij , (2.8a)
[Daˆ,D
j
βˆ
] =
1
2
(
(Γaˆ)βˆ
γˆSjk −Xaˆbˆ(Γ
bˆ)βˆ
γˆδjk −
1
4
εaˆbˆcˆdˆeˆN
dˆeˆ(Σbˆcˆ)βˆ
γˆδjk + (Σaˆ
bˆ)βˆ
γˆCbˆ
j
k
)
Dkγˆ
−
i
2
(
(Γaˆ)βˆ
γˆT cˆdˆjγˆ + 2(Γ
[cˆ)βˆ
γˆTaˆ
dˆ]j
γˆ
)
Mcˆdˆ
+
(
3Ξaˆ
(k
βˆ
εl)j −
1
3
Caˆ
(k
βˆ
εl)j −
5
4
(Γaˆ)βˆ
γˆF (kγˆ ε
l)j +
1
4
(Γaˆ)βˆ
γˆN (kγˆ ε
l)j
+
1
8
(Γaˆ)βˆ
γˆCγˆ
jkl −
11
24
(Γaˆ)βˆ
γˆC(kγˆ ε
l)j
)
Jkl . (2.8b)
The algebra of covariant derivatives is given in terms of dimension-1 tensor superfields, Sij,
Xaˆbˆ, Naˆbˆ and Caˆ
ij, and their covariant derivatives. They possess the symmetry properties:
Sij = Sji , Xaˆbˆ = −Xbˆaˆ , Naˆbˆ = −Nbˆaˆ , Caˆ
ij = Caˆ
ji . (2.9)
Their reality properties are
Sij = Sij , Xaˆbˆ = Xaˆbˆ , Naˆbˆ = Naˆbˆ , Caˆ
ij = Caˆij . (2.10)
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The torsion superfields (2.9) enjoy some additional differential constraints that follow
from the Bianchi identities. In terms of the irreducible components of DkγˆXaˆbˆ and D
k
γˆCaˆ
ij
defined by
DkγˆXaˆbˆ = Waˆbˆγˆ
k + 2(Γ[aˆ)γˆ
δˆΞbˆ]δˆ
k + (Σaˆbˆ)γˆ
δˆFδˆ
k ,
(Γaˆ)αˆ
βˆΞaˆβˆ
i = (Γaˆ)αˆ
βˆWaˆbˆβˆ
i = 0 , (2.11a)
DkγˆCaˆ
ij = Caˆγˆ
ijk −
2
3
Caˆ
(i
γˆ ε
j)k −
1
2
(Γaˆ)γˆ
δˆCδˆ
ijk +
1
3
(Γaˆ)γˆ
δˆC(i
δˆ
εj)k ,
Caˆγˆ
ijk = Caˆγˆ
(ijk) , Cδˆ
ijk = Cδˆ
(ijk) , (Γaˆ)αˆ
βˆCaˆβˆ
ijk = 0 , (2.11b)
the dimension-3/2 Bianchi identities are:
DkγˆNaˆbˆ = −Waˆbˆγˆ
k + 4(Γ[aˆ)γˆ
δˆΞbˆ]δˆ
k + (Σaˆbˆ)γˆ
δˆNδˆ
k , (2.12a)
Caˆ γˆ
ijk = 0 , (2.12b)
DkγˆS
ij = −
1
4
Cγˆ
ijk +
5
12
C(iγˆ ε
j)k +
1
2
(
3F (iγˆ +N
(i
γˆ
)
εj)k . (2.12c)
The tensor Taˆbˆ
γˆ
k in (2.8b) is the dimension-3/2 torsion. Its explicit form is
Taˆbˆ
k
γˆ =
i
2
DkγˆXaˆbˆ −
i
6
(Γ[aˆ)γˆ
δˆCbˆ]
k
δˆ
+
i
4
(Σaˆbˆ)γˆ
δˆCk
δˆ
. (2.13)
The above superspace geometry describes conformal supergravity due to the fact that
the algebra of covariant derivatives is invariant under infinitesimal super-Weyl transfor-
mations of the form
δσD
i
αˆ =
1
2
σDiαˆ + 2(D
γˆiσ)Mγˆαˆ − 3(Dαˆkσ)J
ki , (2.14a)
δσDaˆ = σDaˆ +
i
2
(Γaˆ)
γˆδˆ(Dkγˆσ)Dδˆk − (D
bˆσ)Maˆbˆ +
i
8
(Γaˆ)
γˆδˆ(D(kγˆ D
l)
δˆ
σ)Jkl , (2.14b)
provided the components of the torsion transform as follows:
δσS
ij = σSij +
i
4
Dαˆ(iDj)αˆ σ , (2.15a)
δσCaˆ
ij = σCaˆ
ij +
i
2
(Γaˆ)
γˆδˆD(iγˆD
j)
δˆ
σ , (2.15b)
δσXaˆbˆ = σXaˆbˆ −
i
4
(Σaˆbˆ)
αˆβˆDkαˆDβˆkσ , (2.15c)
δσNaˆbˆ = σNaˆbˆ −
i
2
(Σaˆbˆ)
αˆβˆDkαˆDβˆkσ , (2.15d)
with the parameter σ(z) being an arbitrary real scalar superfield.4 It follows that the
tensor
Waˆbˆ := Xaˆbˆ −
1
2
Naˆbˆ (2.16)
4The finite form for the super-Weyl transformations is given in [41]. As compared with [3, 41], we
have rescaled the super-Weyl parameter σ → 12σ.
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transforms homogeneously,
δσWaˆbˆ = σWaˆbˆ , (2.17)
and hence is a superspace generalization of the Weyl tensor.
In complete analogy with N = 2 supergravity in four dimensions (see, e.g., [42] for
a review), 5D N = 1 Poincare´ or anti-de Sitter supergravity theories are obtained by
coupling the Weyl multiplet with two off-shell conformal compensators, one of which is
(almost) invariably a vector multiplet. Conceptually, this approach is a natural extension
of the Weyl-invariant formulation for gravity reviewed in Appendix A.
3 (Conformal) isometries
Consider some background superspace M5|8 such that its geometry is of the type
described in the previous section. In order to formulate rigid superconformal or rigid
supersymmetric field theories on M5|8, one has to determine all (conformal) isometries
of this superspace. This can be done similarly to the case of 4D N = 1 supergravity
described in detail in [12] and elaborated in [37]. A similar analysis in the case of 3D
N = 2 supergravity has recently been carried out in [38].
3.1 Conformal isometries
Let ξ = ξAˆEAˆ = ξ
aˆEaˆ + ξ
αˆ
i E
i
αˆ be a real supervector field on M
5|8. It is called
conformal Killing if one can associate with ξ a supergravity gauge transformation (2.5)
and an infinitesimal super-Weyl transformation (2.14) such that their combined action
δ := δK + δσ (3.1)
does not change the covariant derivatives,
δDAˆ = 0 . (3.2)
These conditions, which appeared for the first time in [3], clearly imply that all the
torsion and curvature tensors are invariant under the transformation δ. One may see that
it suffices to demand only the spinor condition δDiαˆ = 0 in order for (3.2) to hold. A short
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calculation gives
δDiαˆ =
(
ξCˆTCˆ
i
αˆ
βˆ
j −D
i
αˆξ
βˆ
j +Kαˆ
βˆδij +K
i
jδ
βˆ
αˆ +
1
2
σδβˆαˆδ
i
j
)
Dj
βˆ
+
(
ξCˆTCˆ
i
αˆ
bˆ −Diαˆξ
bˆ
)
Dbˆ
+
(
ξDˆRDˆ
i
αˆβˆγˆ −D
i
αˆKβˆγˆ − 2εαˆ(βˆD
i
γˆ)σ
)
M βˆγˆ
+
(
ξDˆRDˆ
i
αˆ
jk −DiαˆK
jk + 3εi(jDk)αˆ σ
)
Jjk . (3.3)
The right-hand side of (3.3) is a combination of the four linearly independent operators
Dj
βˆ
, Dbˆ, M
βˆγˆ and Jjk. Requiring δDiαˆ = 0 leads to four different equations. Making use
of the explicit form of the torsion, the equations associated with the operators Dj
βˆ
and Dbˆ
in the right-hand side of (3.3) may be written as
Diαˆξ
j
βˆ
=
1
2
ξaˆ
(
(Γaˆ)αˆβˆS
ij +Xaˆbˆ(Γ
bˆ)αˆβˆε
ij +
1
4
εaˆbˆcˆdˆeˆN
bˆcˆ(Σdˆeˆ)αˆβˆε
ij + (Σaˆ
bˆ)αˆβˆCbˆ
ij
)
−Kαˆβˆε
ij −Kijεαˆβˆ +
1
2
σεαˆβˆε
ij , (3.4a)
Diαˆξbˆ = 2i(Γbˆ)αˆ
δˆξi
δˆ
. (3.4b)
After introducing ξαˆβˆ = (Γ
aˆ)αˆβˆξaˆ, equation (3.4b) is equivalent to
Diαˆξβˆγˆ = −8i
(
ξi
[βˆ
εγˆ]αˆ +
1
4
ξiαˆεβˆγˆ
)
. (3.5)
The relations (3.4) imply that the parameters ξαˆi , Kαˆβˆ , K
ij and σ are uniquely expressed
in terms of ξaˆ and its covariant derivatives as follows:
ξiαˆ =
i
10
(Γaˆ)αˆ
βˆDi
βˆ
ξaˆ , (3.6a)
Kαˆβˆ =
1
2
Dk(αˆξkβˆ) +
1
8
ξaˆεaˆbˆcˆdˆeˆN
bˆcˆ(Σdˆeˆ)αˆβˆ , (3.6b)
Kij =
1
4
D(iγˆ ξ
j)γˆ =
i
40
(Γcˆ)αˆβˆD(iαˆD
j)
βˆ
ξcˆ , (3.6c)
σ =
1
4
Diαˆξ
αˆ
i . (3.6d)
Since all the parameters in K and the super-Weyl parameter σ are functions of ξ, we may
use the notation K = K[ξ] and σ = σ[ξ]. It is important to note that equation (3.4b)
implies a fundamental constraint on ξaˆ,(
δαˆ
βˆδaˆ
bˆ +
1
5
(ΓaˆΓ
bˆ)αˆ
βˆ
)
Di
βˆ
ξbˆ =
4
5
(
δαˆ
βˆδaˆ
bˆ −
1
2
(Σaˆ
bˆ)αˆ
βˆ
)
Di
βˆ
ξbˆ = 0 . (3.7)
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This equation means that the gamma-traceless component of the spin-vector Diαˆξbˆ is zero.
Eqs. (3.6) and (3.7) imply the conformal Killing equation
D(aˆξbˆ) =
1
5
ηaˆbˆDcˆξ
cˆ . (3.8)
Other consequences of (3.6) and (3.7) are
σ =
1
5
Dcˆξ
cˆ , (3.9a)
Kaˆbˆ = D[aˆξbˆ] ⇐⇒ Kαˆβˆ =
1
2
(Σaˆbˆ)αˆβˆDaˆξbˆ . (3.9b)
If eq. (3.7) holds and the conditions (3.6) are adopted, it can be proved that equation
(3.2) is identically satisfied. Therefore, (3.7) is the fundamental equation containing all
the information about the conformal Killing supervector fields. This means that the
conformal Killing supervector field can alternatively be defined as a real supervector field,
ξ = ξAˆEAˆ , ξ
Aˆ ≡ (ξaˆ, ξαˆi ) =
(
ξaˆ,
i
10
Dβˆiξ
αˆβˆ
)
, (3.10)
obeying the master equation (3.7).
If ξ1 and ξ2 are two conformal Killing supervector fields, their Lie bracket [ξ1, ξ2] is a
conformal Killing supervector field. It is obvious that, for any real c-numbers r1 and r2,
the linear combination r1ξ1 + r2ξ2 is a conformal Killing supervector field. Thus the set
of all conformal Killing supervector fields is a super Lie algebra. The conformal Killing
supervector fields of M5|8 generate symmetries of a superconformal field theory on this
superspace.
We have not yet analysed the equations associated with the generators M βˆγˆ and Jjk
in the right-hand side of (3.3). They are
DiαˆKβˆγˆ = ξ
DˆRDˆ
i
αˆβˆγˆ − 2εαˆ(βˆD
i
γˆ)σ , (3.11a)
DiαˆK
jk = ξDˆRDˆ
i
αˆ
jk + 3εi(jDk)αˆ σ . (3.11b)
The relations (3.4) tell us that any spinor covariant derivative of ξBˆ can be represented
as a linear combination of the parameters Υ = (ξBˆ, K βˆγˆ, Kjk, σ). The relations (3.11)
also tell us that DiαˆΥ can be represented as a linear combination of Υ and D
k
γˆσ. It turns
out that DaˆΥ may be represented as a linear combination of Υ and DCˆσ. To prove this
claim, let us look at the conditions of invariance of the dimension-1 torsion superfields,
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δSij = 0, δC ijaˆ = 0, δX
aˆbˆ = 0 and δN aˆbˆ = 0. These conditions5 are:
Dαˆ(iDj)αˆ σ = 4iξ
CˆDCˆS
ij + 8iK(ikS
j)k + 4iσSij , (3.12a)
(Γaˆ)
γˆδˆD(iγˆD
j)
δˆ
σ = 2iξCˆDCˆCaˆ
ij + 2iKaˆ
bˆCbˆ
ij + 4iK(ikCaˆ
j)k + σCaˆ
ij , (3.12b)
(Σaˆbˆ)
αˆβˆDkαˆDβˆkσ = −4iξ
CˆDCˆXaˆbˆ + 8iK[aˆ
cˆXbˆ]cˆ − 4iσXaˆbˆ , (3.12c)
(Σaˆbˆ)
αˆβˆDkαˆDβˆkσ = −2iξ
CˆDCˆNaˆbˆ + 4iK[aˆ
cˆNbˆ]cˆ − 2iσNaˆbˆ . (3.12d)
These identities tell us that two spinor derivatives of σ may be represented as a linear
combination of Υ and DCˆσ. This confirms the above claim. Furthermore, it is not hard to
deduce from the above identities that DiαˆDBˆσ may be represented as a linear combination
of Υ and DCˆσ. As a result, applying any number of covariant derivatives to Υ gives
a linear combination of Υ and DCˆσ. We conclude that the super Lie algebra of the
conformal Killing vector fields onM5|8 is finite dimensional. The number of its even and
odd generators cannot exceed those in the 5D superconformal algebra f(4).
To study supersymmetry transformations at the component level, it is useful to spell
out one of the implications of (3.2) with Aˆ = aˆ. Specifically, we consider the equation
δDaˆ = 0 and read off the part proportional to a linear combination of the spinor covariant
derivatives Dkγˆ . The result is
0 = Daˆξ
γˆ
k −
1
2
(
Sk
l(Γaˆ)
γˆ
δˆ −Xaˆbˆ(Γ
bˆ)γˆ δˆδ
l
k +
1
4
δlk εaˆbˆcˆdˆeˆN
dˆeˆ(Σbˆcˆ)γˆ δˆ − (Σaˆ
bˆ)γˆ δˆCbˆk
l
)
ξ δˆl
+ξ bˆTaˆbˆ
γˆ
k −
i
2
(Γaˆ)
γˆδˆDδˆkσ . (3.13)
It should be mentioned that (3.13) is not a new constraint. It is satisfied identically
provided the spinor condition δDiαˆ = 0 holds.
3.2 Conformally related superspaces
A superspace M˜5|8 is said to be conformally related toM5|8 if the covariant derivatives
D˜Aˆ of M˜
5|8 are obtained from DAˆ by a finite super-Weyl transformation [41],
D˜iαˆ = e
1
2
ρ
(
Diαˆ + 2(D
βˆiρ)Mαˆβˆ − 3(Dαˆjρ)J
ij
)
, (3.14a)
D˜aˆ = e
ρ
(
Daˆ +
i
2
(Γaˆ)
γˆδˆ(Dkγˆρ)Dδˆk − (D
bˆρ)Maˆbˆ +
i
8
(Γaˆ)
γˆδˆ(DkγˆD
l
δˆ
ρ)Jkl
5The conditions (3.12) are not new constraints. They are satisfied identically provided eq. (3.2) holds.
We should point out that eqs. (3.12c) and (3.12d) imply the invariance condition of the super-Weyl tensor,
which is ξCˆD
Cˆ
W
aˆbˆ
− 2K[aˆ
cˆW
bˆ]cˆ + σWaˆbˆ = 0.
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+
i
8
εaˆbˆcˆdˆeˆ(Σ
bˆcˆ)γˆδˆ(D
γˆkρ)(Dδˆkρ)M
dˆeˆ +
5i
8
(Γaˆ)
γˆδˆ(Dkγˆρ)(D
l
δˆ
ρ)Jkl
)
, (3.14b)
for some super-Weyl parameter ρ. The two superspaces M˜5|8 andM5|8 prove to have the
same conformal Killing supervector fields. Given such a vector field ξ = ξAˆEAˆ = ξ˜
AˆE˜Aˆ,
it may be shown that
K[ξ˜] := ξ˜BˆD˜Bˆ +
1
2
K bˆcˆ[ξ˜]Mbˆcˆ +K
kl[ξ˜]Jkl = K[ξ] , (3.15a)
σ[ξ˜] = σ[ξ]− ξρ . (3.15b)
This is similar to the 4D and 3D analyses in [37] and [38], respectively.
3.3 Isometries
In order to describe N = 1 Poincare´ or anti-de Sitter supergravity theories, the Weyl
multiplet has to be coupled with two off-shell conformal compensators that will be sym-
bolically denoted Ξ. In general, both compensators are Lorentz scalars and have non-zero
super-Weyl weights wΞ 6= 0,
δσΞ = wΞσΞ . (3.16)
They may transform in nontrivial representations of the SU(2) group, which we do not
specify at the moment. The compensators are required to be nowhere vanishing in the
sense that the SU(2) scalars |Ξ|2 should be strictly positive. Different off-shell supergravity
theories correspond to different choices of Ξ.
The off-shell supergravity multiplet is completely described in terms of the following
data: (i) the superspace geometry described in section 2; and (ii) the conformal compen-
sators Ξ. Given a supergravity background, its isometries should preserve both of these
inputs. This leads us to the concept of Killing supervector fields.
A conformal Killing supervector field ξ = ξAˆEAˆ on M
5|8 is said to be Killing if the
following conditions hold:[
ξBˆDBˆ +
1
2
K bˆcˆ[ξ]Mbˆcˆ +K
kl[ξ]Jkl,DAˆ
]
+ δσ[ξ]DAˆ = 0 , (3.17a)(
ξBˆDBˆ +K
kl[ξ]Jkl + wΞσ[ξ]
)
Ξ = 0 . (3.17b)
Here the parameters K bˆcˆ[ξ], Kkl[ξ] and σ[ξ] are defined as in (3.6). The set of all Killing
supervector fields on M5|8 is a super Lie algebra. The Killing supervector fields of M5|8
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generate the spacetime (super)symmetries of all rigid supersymmetric field theories on
this superspace.
The Killing equations (3.17) are super-Weyl invariant in the following sense. Consider
a supergravity background (D˜Aˆ, Ξ˜) that is conformal to (DAˆ,Ξ), where D˜Aˆ is related to
DAˆ according to (3.14) and Ξ˜ is
Ξ˜ = ewΞσΞ . (3.18)
Then the equations (3.17) have the same form once rewritten in terms of (D˜Aˆ, Ξ˜).
Using the compensators Ξ we can always construct a Lorentz and SU(2) scalar super-
field Φ = Φ(Ξ), which is an algebraic function of Ξ, nowhere vanishing, and has a nonzero
super-Weyl weight wΦ,
δσΦ = wΦσΦ . (3.19)
We have shown that the Killing equations (3.17) are super-Weyl invariant. Super-Weyl
invariance may be used to impose the gauge
Φ = 1 . (3.20)
Then the equation (
ξBˆDBˆ +K
kl[ξ]Jkl + wΦσ[ξ]
)
Φ = 0 , (3.21)
which follows from the Killing equations (3.17b), becomes
σ[ξ] = 0 . (3.22)
The above consideration is analogous to that given in Appendix A for the (conformal)
isometries of a curved spacetime. The only difference is that a single scalar compensator is
used in the case of gravity, while two compensators are needed in order to realize Poincare´
or anti-de Sitter supergravities.
4 Supersymmetric backgrounds: General formalism
Our analysis will be restricted to curved backgrounds without covariant fermionic
fields – that is,
DiαˆS
kl| = 0 , DiαˆCaˆ
kl| = 0 , DiαˆXaˆbˆ| = 0 , D
i
αˆNaˆbˆ| = 0 . (4.1)
12
Here the bar-projection is defined as usual:
U | := U(x, θ)
∣∣
θ=0
, (4.2)
for any superfield U(z) = U(x, θ). The bar-projection of the superspace covariant deriva-
tives is defined similarly:
DAˆ| = EAˆ
Mˆ | ∂Mˆ +
1
2
ΩAˆ
bˆcˆ|Mbˆcˆ + ΦAˆ
kl| Jkl . (4.3)
The coordinates xmˆ parametrize a curved spacetime M5, the bosonic body of the super-
space M5|8.
The conditions (4.1) mean that the gravitini can completely be gauged away such that
the projection of the vector covariant derivatives is
Daˆ| = Daˆ ⇐⇒ ψmˆ
αˆ
i = 0 , (4.4)
where
Daˆ = eaˆ +
1
2
ωaˆ
bˆcˆMbˆcˆ + φaˆ
klJkl, eaˆ := eaˆ
mˆ∂mˆ (4.5)
is a spacetime covariant derivative with Lorentz and SU(2) connections. In what follows,
we always assume that the gravitini have been gauged away. The bosonic covariant
derivatives obey commutation relations of the form
[Daˆ,Dbˆ] =
1
2
Raˆbˆ
cˆdˆMcˆdˆ +Raˆbˆ
klJkl , (4.6)
where the spacetime curvature tensor Raˆbˆ
cˆdˆ and the SU(2) field strength Raˆbˆ
kl are related
to the superspace ones as
Raˆbˆ
cˆdˆ = Raˆbˆ
cˆdˆ| , Raˆbˆ
kl = Raˆbˆ
kl| . (4.7)
We introduce tensor fields associated with the superspace dimension-1 torsion tensors:
skl := Skl| , caˆkl := Caˆkl| , xaˆbˆ := Xaˆbˆ| , naˆbˆ := Naˆbˆ| . (4.8)
Bar-projecting the super-Weyl tensor gives
waˆbˆ := Waˆbˆ| =
1
2
(2xaˆbˆ − naˆbˆ) . (4.9)
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4.1 Conformal Killing spinors
In this subsection we wish to look for those curved superspace backgrounds which
admit at least one conformal supersymmetry. Such a superspace possesses a conformal
Killing supervector field ξAˆ with the property
ξaˆ| = 0 , ǫαˆi := ξ
αˆ
i | 6= 0 . (4.10)
All other bosonic parameters will also be assumed to vanish, K aˆbˆ| = 0, Kij | = 0 and
σ| = 0. The spinor parameter ǫαˆi generates a Q-supersymmetry transformation, while the
S-supersymmetry transformations are generated by
ηiαˆ := D
i
αˆσ| . (4.11)
With the previous assumptions at hand, bar-projecting the equation (3.13) gives6
Daˆǫ
k −
1
2
[
sklΓaˆ + δ
k
l xaˆbˆΓ
bˆ −
1
4
δkl εaˆbˆcˆdˆeˆn
bˆcˆΣdˆeˆ − cbˆklΣaˆbˆ
]
ǫl −
i
2
Γaˆη
k = 0 , (4.12)
which implies
5ηi = 2iΓaˆDaˆǫ
i + i
[
2caˆ
i
jΓ
aˆ + 5sij1 + δ
i
j(4xaˆbˆ + 3naˆbˆ)Σ
aˆbˆ
]
ǫj . (4.13)
The spinor equation (4.12) becomes
Daˆǫ
k =
1
2
Σaˆ
bˆDbˆǫ
k +
1
8
(
3waˆbˆΓ
bˆ + εaˆbˆcˆdˆeˆw
bˆcˆΣdˆeˆ
)
ǫk +
1
4
(
caˆ
k
l1−
1
2
cbˆklΣaˆbˆ
)
ǫl . (4.14)
This equation may be rewritten in a simpler form if we introduce covariant derivatives
with torsion,
Dˆaˆ := Daˆ −
1
4
caˆ
pqJpq −
1
4
εaˆbˆcˆdˆeˆw
bˆcˆM dˆeˆ . (4.15)
Then (4.14) turns into
Dˆaˆǫ
k = −
1
5
ΓaˆΓ
bˆ Dˆbˆǫ
k . (4.16)
This is a generalization of the 5D equation for twistor spinors (see, e.g., [32, 33]), which
makes use of the torsion-free covariant derivative ∇aˆ (the Levi-Civita` connection) instead
of Dˆaˆ.
6In what follows, we will sometimes avoid writing spinor indices explicitly. In particular, we will
denote ǫi := ǫiαˆ, and use Γaˆ and Σaˆbˆ for (Γaˆ)αˆ
βˆ and (Σ
aˆbˆ
)αˆ
βˆ , respectively.
14
An important property of twistor spinors is that they ‘square’ to Killing vector fields
[32, 33]. This property remains valid in our case. Associated with a non-zero commuting
spinor ǫi is the non-zero real 5-vector
Vaˆ := (Γaˆ)
αˆβˆεij ǫ
i
αˆǫ
j
βˆ
. (4.17)
If ǫi is a solution of (4.16), then V aˆ is a conformal Killing vector field,
D(aˆVbˆ) =
1
5
ηaˆbˆDcˆV
cˆ . (4.18)
The torsion tensor does not contribute to this relation. It is a short calculation to check
that
V aˆVaˆ = −F
2 , F := εαˆβˆεij ǫ
i
αˆǫ
j
βˆ
. (4.19)
Thus, F being real, V aˆ is time-like or null. In the spirit of [43], one can construct different
bilinears from a commuting conformal Killing spinor. These bilinears and their properties
are given in Appendix B.
By construction, we have the identities
δ(DiαˆS
kl) = 0 , δ(DiαˆCaˆ
kl) = 0 , δ(DiαˆXaˆbˆ) = 0 , δ(D
i
αˆNaˆbˆ) = 0 , (4.20)
which imply that the conditions (4.1) are superconformal. Evaluating explicitly the bar-
projection of the left-hand sides in (4.20), non-trivial information may be extracted. We
derive
DiαˆD
βˆ(kDl)
βˆ
σ| = ǫβˆj
[
− 2i[Diαˆ,D
j
βˆ
]Skl|+ 4εijDαˆβˆs
kl + 4 εijcαˆβˆ
(k
ps
l)p
+ 8
(
xαˆβˆ + nαˆβˆ
)(
εk(isj)l + εl(isj)k
)]
−12iηαˆj
(
εk(isj)l + εl(isj)k
)
+ 4iηiαˆs
kl , (4.21a)
(Γaˆ)
γˆδˆDiαˆD
(k
γˆ D
l)
δˆ
σ| = ǫβˆj
[
− i[Diαˆ,D
j
βˆ
]Caˆ
kl|+ 2εijDαˆβˆcaˆ
kl + 2εαˆβˆε
ijxaˆdˆc
dˆkl
+
1
2
εijεaˆbˆcˆdˆeˆ(Γ
bˆ)αˆβˆn
cˆdˆceˆkl − εaˆbˆcˆdˆeˆ(Σ
bˆcˆ)αˆβˆc
dˆijceˆkl
− 4sij(Σaˆdˆ)αˆβˆc
dˆkl − 6εαˆβˆε
ijs(kpcaˆ
l)p + 2εij(Γdˆ)αˆβˆcdˆ
(k
pcaˆ
l)p
+ 4
(
xαˆβˆ + nαˆβˆ
)(
εk(icaˆ
j)l + εl(icaˆ
j)k
)]
+4iηβˆi(Σaˆbˆ)βˆαˆc
bˆkl − 6iηαˆj
(
εk(icaˆ
j)l + εl(icaˆ
j)k
)
+ 2iηiαˆcaˆ
kl , (4.21b)
(Σaˆbˆ)
βˆγˆDiαˆD
k
βˆ
Dγˆkσ| = ǫ
βˆ
j
[
2i[Diαˆ,D
j
βˆ
]Xaˆbˆ| − 4ε
ijDαˆβˆxaˆbˆ + 2ε
ij(Γcˆ)αˆβˆndˆeˆxfˆ [aˆεbˆ]
cˆdˆeˆfˆ
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− 4(Σcˆdˆ)αˆβˆceˆ
ijxfˆ [aˆεbˆ]
cˆdˆeˆfˆ − 16sij(Σ[aˆ
dˆ)αˆβˆxbˆ]dˆ
]
+16iηβˆi(Σ[aˆ
cˆ)βˆαˆxbˆ]cˆ − 4iη
i
αˆxaˆbˆ , (4.21c)
(Σaˆbˆ)
βˆγˆDiαˆD
k
βˆ
Dγˆkσ| = ǫ
βˆ
j
[
i[Diαˆ,D
j
βˆ
]Naˆbˆ| − 2 ε
ijDαˆβˆnaˆbˆ + 4 εαˆβˆε
ijx[aˆ
dˆnbˆ]dˆ
+ εij(Γcˆ)αˆβˆndˆeˆnfˆ [aˆεbˆ]
cˆdˆeˆfˆ − 2(Σcˆdˆ)αˆβˆceˆ
ijnfˆ [aˆεbˆ]
cˆdˆeˆfˆ
− 8 sij(Σ[aˆ
dˆ)αˆβˆnbˆ]dˆ
]
+8iηβˆi(Σ[aˆ
cˆ)βˆαˆnbˆ]cˆ − 2iη
i
αˆnaˆbˆ . (4.21d)
These identities become especially useful for those supersymmetric backgrounds which
correspond to Poincare´ or anti-de Sitter supergravities.
4.2 Killing spinors
In the case of Poincare´ or anti-de Sitter supergravities, the equations given in the
previous subsection have to be supplemented by the additional condition
σ[ξ] = 0 =⇒ ηi = 0 , (4.22)
in accordance with eq. (3.22). Let us remind the reader that we are not yet specifying
any particular compensators. However, we are assuming that some compensator has been
chosen and the gauge condition (3.20) has been imposed.
Due to eq. (4.22), the equation for conformal Killing spinors, eq. (4.12), turns into
Daˆǫ
k =
(1
2
sklΓaˆ +
1
2
δkl xaˆbˆΓ
bˆ −
1
8
δkl εaˆbˆcˆdˆeˆn
bˆcˆΣdˆeˆ −
1
2
cbˆ
k
lΣaˆ
bˆ
)
ǫl . (4.23)
Its solutions will be called Killing spinors. As demonstrated earlier, associated with a
commuting conformal Killing spinor ǫk is the conformal Killing vector Vaˆ defined by eq.
(4.17). In the case that ǫk is a Killing spinor field, it is simple to prove that DaˆV
aˆ = 0
and hence
D(aˆVbˆ) = 0 . (4.24)
Thus Vaˆ is a Killing vector field.
5 Supersymmetric backgrounds: Eight supercharges
The existence of rigid supersymmetries imposes non-trivial restrictions on the back-
ground fields in off-shell Poincare´ or anti-de Sitter supergravities. For simplicity, here
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we restrict our analysis to the case of eight supercharges and derive constraints on the
geometry.
Since σ[ξ] = 0, the equations (4.21) immediately imply the following conditions:
[Diαˆ,D
j
βˆ
]Skl| = 0 , [Diαˆ,D
j
βˆ
]Caˆ
kl| = 0 , [Diαˆ,D
j
βˆ
]Xaˆbˆ| = 0 , [D
i
αˆ,D
j
βˆ
]Naˆbˆ| = 0 . (5.1)
The meaning of these conditions is that all dimension-2 auxiliary fields, which belong
to the supergravity multiplet, vanish. Information about the background geometry is
encoded in the background dimension-1 fields sij, cijaˆ , xaˆbˆ and naˆbˆ. The same equations
(4.21) also lead to a set of conditions on these tensors. Below we describe the various
cases by the values of s :=
√
1
2
sijsij and caˆ
ij.
The relations (5.1) are in fact corollaries of more general results that follow from the
following observation. For any background admitting eight supercharges, if there is a
tensor superfield T such that its bar-projection vanishes, T | = 0, and this condition is
supersymmetric, then the entire superfield is zero, T = 0. For all supersymmetric back-
grounds, the conditions (4.1) hold. Therefore, all backgrounds with eight supercharges
should fulfil the superfield conditions
DiαˆS
kl = 0 , DiαˆCaˆ
kl = 0 , DiαˆXaˆbˆ = 0 , D
i
αˆNaˆbˆ = 0 . (5.2)
The relations (5.1) obviously follow from these conditions.
5.1 The case s 6= 0
When s 6= 0, it can be shown that eqs. (4.21) imply the conditions:
Daˆs
ij = 0 =⇒ s = const , (5.3a)
caˆ
ij = 0 , xaˆbˆ = 0 , naˆbˆ = 0 . (5.3b)
The Killing spinor equation takes the simple form
Daˆǫ
k =
1
2
sklΓaˆǫ
l . (5.4)
By computing [Daˆ,Dbˆ]ǫ
k and using (5.4) together with (5.3) one obtains
[Daˆ,Dbˆ]ǫ
k = −s2Σaˆbˆǫ
k =
(1
2
δkl Raˆbˆ
cˆdˆΣcˆdˆ +Raˆbˆ
k
l1
)
ǫl , (5.5)
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from which we can read off the expressions for the Lorentz and SU(2) curvatures7
Raˆbˆ
cˆdˆ = −2s2δcˆ[aˆδ
dˆ
bˆ]
, (5.6a)
Raˆbˆ
kl = 0 . (5.6b)
Hence in this case the supersymmetric background is necessarily 5D anti-de Sitter space,
AdS5. It follows from (5.3b) that three dimension-1 superfield torsion tensors vanish,
Caˆ
ij = 0 , Xaˆbˆ = 0 , Naˆbˆ = 0 . (5.7)
The resulting superspace AdS5|8 and rigid supersymmetric field theories in AdS5|8 have
thoroughly been studied in [11, 41].
5.2 The case s = 0 and caˆ
ij 6= 0
If s = 0 and caˆ
ij 6= 0, the relations (4.21) imply that some of the background fields
vanish,
sij = 0 , xaˆbˆ = 0 , naˆbˆ = 0 , (5.8)
as well as the following constraints on caˆ
ij
Daˆcbˆ
ij = 0 , caˆ
(i
kcbˆ
j)k = 0 . (5.9)
These constraints tell us that caˆ
ij is a composite object being the product of a real 5-vector
caˆ and a real isovector c
ij such that cij = cij ,
caˆ
ij = caˆc
ij . (5.10)
By rescaling caˆ and c
ij we can always make the choice
cijcij = 2 . (5.11)
Then it follows from Daˆcbˆ
ij = 0 that caˆ and c
ij are covariantly constant,
Daˆc
ij = 0 , Daˆcbˆ = 0 . (5.12)
The 5-vector caˆ may be time-like, space-like or null. Since it is covariantly constant, the
Lorentz curvature tensor is constrained by
Raˆbˆcˆdˆ c
dˆ = 0 . (5.13)
7Note that here we compute the component curvature tensors by using the Killing spinor equation
(5.4). The same results can be read off by bar-projecting the dimension-2 superspace curvature tensors.
18
For the background under consideration, the Killing spinor equation is
Daˆǫ
k = −
1
2
cbˆcklΣaˆbˆǫ
l . (5.14)
We compute [Daˆ,Dbˆ]ǫ
k by making use of (5.14) in conjunction with eqs. (5.10) and (5.11).
The result is
[Daˆ,Dbˆ]ǫ
k = −
1
2
(
c[aˆδ
[cˆ
bˆ]
cdˆ] +
1
2
(ceˆceˆ)δ
cˆ
[aˆδ
dˆ
bˆ]
)
Σcˆdˆǫ
k , (5.15)
from which we can read off the Lorentz and SU(2) curvature tensors
Raˆbˆ
cˆdˆ = −
(
c[aˆδ
[cˆ
bˆ]
cdˆ] +
1
2
(ceˆceˆ)δ
cˆ
[aˆδ
dˆ
bˆ]
)
, (5.16a)
Raˆbˆ
kl = 0 . (5.16b)
It follows from (5.16a) that the Ricci tensor and the scalar curvature are
Raˆbˆ =
3
4
(
caˆcbˆ − ηaˆbˆc
eˆceˆ
)
, R = −3ceˆceˆ . (5.17)
As concerns the Weyl tensor
Caˆbˆcˆdˆ = Raˆbˆcˆdˆ −
2
3
(
ηaˆ[cˆRdˆ]bˆ − ηbˆ[cˆRdˆ]aˆ
)
+
1
6
Rηaˆ[cˆηdˆ]bˆ , (5.18)
it is identically zero for the above background,
Caˆbˆcˆdˆ = 0 . (5.19)
The above supersymmetric backgrounds are generalizations of those found by Festuccia
and Seiberg [19] in the case of the old minimal formulation for 4D N = 1 supergravity.
The existence of a covariantly constant vector field caˆ means that spacetime is decom-
posable in the non-null case (see, e.g., [44]). In this case the space is the product of a
four- and a one-dimensional manifold. We can choose a coordinate frame xmˆ = (xm, ζ),
where m = 1, 2, 3, 4, such that the vector field caˆeaˆ is proportional to ∂/∂ζ and the metric
reads
ds25 = gmn(x
r)dxmdxn + ε(dζ)2 = ηabe
aeb + ε(dζ)2 , ea := dxmem
a(xn) , (5.20)
where ε = −1 when caˆ is time-like, and ε = +1 when caˆ is space-like. The metric
ds24 = gmn(x
r)dxmdxn corresponds to a four-dimensional submanifold M4 orthogonal to
caˆeaˆ. The identity (5.13) tells us
Raˆbˆcˆ ζ = 0 . (5.21)
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Let Rabcd be the curvature of the submanifold M4. It is clear that
Rabcd = Rabcd . (5.22)
Then from (5.17) and (5.19) we deduce
Rab = −
3
4
c2ηab , Cabcd = 0 , (5.23)
where c2 = ceˆceˆ. We conclude that M4 is a four-sphere, S4, when caˆ is time-like. In the
case that caˆ is space-like, M4 is a four-dimensional anti-de Sitter space, AdS4.
Finally, if caˆ is null, caˆcaˆ = 0, it is possible to chose a coordinate system in which the
metric reads
ds2 = eu(2du dv + δijdx
idxj) , i, j = 1, 2, 3 , (5.24)
with caˆeaˆ ∝ ∂/∂v. This is a special example of pp-waves, see, e.g., [45].
In conclusion, we present those superspace geometries that generate the supersym-
metric backgrounds given. It follows from (5.8) that Sij = 0, Xaˆbˆ = 0 and Naˆbˆ = 0. The
superspace geometry is described by a single covariantly constant tensor Caˆ
ij , DBˆCaˆ
ij = 0.
The algebra of covariant derivatives is{
Diαˆ,D
j
βˆ
}
= −2i εijDαˆβˆ −
i
2
εaˆbˆcˆdˆeˆ(Σaˆbˆ)αˆβˆCcˆ
ijMdˆeˆ − i ε
ijCαˆβˆ
klJkl , (5.25a)
[Daˆ,D
j
βˆ
] =
1
2
(Σaˆ
bˆ)βˆ
γˆCbˆ
j
kD
k
γˆ , (5.25b)
[Daˆ,Dbˆ] =
1
4
(
δ
[cˆ
[aˆCbˆ]klC
dˆ]kl −
1
2
δcˆ[aˆδ
dˆ
bˆ]
C eˆklCeˆkl
)
Mcˆdˆ . (5.25c)
Integrability condition for the constraint DiαˆCbˆ
jk = 0 is
Caˆ
(i
kCbˆ
j)k = 0 . (5.26)
It implies that the superfield Caˆ
ij factorizes,
Caˆ
ij = CaˆC
ij , C ijCij = 2 . (5.27)
The condition that Caˆ
ij is covariantly constant is equivalent to CijDAˆCbˆ = −CbˆDAˆCij,
which leads to
2DAˆCbˆ = −CbˆC
ijDAˆCij = −
1
2
CbˆDAˆ(C
ijCij) = 0 . (5.28)
Thus both tensors Caˆ and C
ij are covariantly constant,
DAˆCbˆ = 0 , DAˆC
ij = 0 . (5.29)
Because the superspace is conformally flat, the isometry superalgebra is a subalgebra of
the 5D superconformal algebra f(4).
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5.3 The case s = 0 and caˆ
ij = 0
It remains to consider the case
sij = 0 , caˆ
ij = 0 . (5.30)
Here the relations (4.21) imply the following constraints on xaˆbˆ and naˆbˆ
Daˆxbˆcˆ =
1
2
εaˆdˆeˆfˆ [bˆxcˆ]
dˆneˆfˆ , (5.31a)
Daˆnbˆcˆ =
1
2
εaˆdˆeˆfˆ [bˆncˆ]
dˆneˆfˆ = −
1
8
ηaˆ[bˆεbˆ]dˆeˆfˆ gˆn
dˆeˆnfˆ gˆ , (5.31b)
x[aˆ
cˆnbˆ]cˆ = 0 . (5.31c)
The constraint (5.31c) can be rewritten in a matrix form as follows:
[xˆ, nˆ] = 0 , xˆ := (xaˆ
bˆ) , nˆ := (naˆ
bˆ) . (5.32)
An important consequence of the constraints (5.31a) and (5.31c) is that xaˆbˆ is a closed
two-form,
D[aˆxbˆcˆ] = 0 . (5.33)
It is a consequence of (5.31b) that naˆbˆ is also a closed two-form,
D[aˆnbˆcˆ] = 0 . (5.34)
Introducing the Hodge dual of naˆbˆ in the standard way ∗naˆbˆcˆ :=
1
2
εaˆbˆcˆdˆeˆn
dˆeˆ, the constraint
(5.31b) becomes
Daˆ ∗nbˆcˆdˆ = −
3
2
n[aˆbˆncˆdˆ] . (5.35)
This relation implies the equation of motion that is derived from a U(1) Chern-Simons
action.
For the background under consideration, the Killing spinor equation (4.23) takes the
form
Daˆǫ
k =
( 1
2
δkl xaˆbˆΓ
bˆ −
1
8
δkl εaˆbˆcˆdˆeˆn
bˆcˆΣdˆeˆ
)
ǫl . (5.36)
We can now compute [Daˆ,Dbˆ]ǫ
k by using (5.36) together with the relations (5.31a)–
(5.31c). The result is
[Daˆ,Dbˆ]ǫ
k =
(
−
3
4
n[aˆ
[cˆnbˆ]
dˆ] +
1
4
naˆbˆn
cˆdˆ +
1
2
δ
[cˆ
[aˆnbˆ]eˆn
dˆ]eˆ −
1
8
neˆfˆn
eˆfˆδ
[cˆ
[aˆδ
dˆ]
bˆ]
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+ x[aˆ
[cˆxbˆ]
dˆ]
)
Σcˆdˆǫ
k . (5.37)
From here we read off the Lorentz and SU(2) curvature tensors
Raˆbˆ
cˆdˆ = 2x[aˆ
[cˆxbˆ]
dˆ] +
1
2
naˆbˆn
cˆdˆ −
3
2
n[aˆ
[cˆnbˆ]
dˆ] + δ
[cˆ
[aˆnbˆ]eˆn
dˆ]eˆ −
1
4
neˆfˆn
eˆfˆδ
[cˆ
[aˆδ
dˆ]
bˆ]
, (5.38a)
Raˆbˆ
kl = 0 . (5.38b)
Actually there is another important constraint on the dimension-1 tensors xaˆbˆ and naˆbˆ.
For the background under consideration, it can be proved that the dimension-2 superspace
Bianchi identities imply the following quadratic equation
x[aˆbˆxcˆ]dˆ = n[aˆbˆncˆ]dˆ ⇐⇒ x[aˆbˆxcˆdˆ] = n[aˆbˆncˆdˆ] . (5.39)
This constraint may be seen to be equivalent to the requirement that the Lorentz curvature
(5.38a) satisfies the Bianchi identity R[aˆbˆcˆ]dˆ = 0. With the aid of (5.39) we can rewrite
the Lorentz curvature in the equivalent form:
Raˆbˆ
cˆdˆ = −
1
6
naˆbˆn
cˆdˆ −
1
6
n[aˆ
[cˆnbˆ]
dˆ] + δ
[cˆ
[aˆnbˆ]eˆn
dˆ]eˆ −
1
4
neˆfˆn
eˆfˆδ
[cˆ
[aˆδ
dˆ]
bˆ]
+
2
3
xaˆbˆx
cˆdˆ +
2
3
x[aˆ
[cˆxbˆ]
dˆ] . (5.40)
The Ricci tensor and the scalar curvature are, respectively,
Raˆbˆ = xaˆ
cˆxbˆcˆ +
1
2
naˆ
cˆnbˆcˆ −
1
4
ηaˆbˆ n
cˆdˆncˆdˆ , (5.41a)
R = xaˆbˆxaˆbˆ −
3
4
naˆbˆnaˆbˆ . (5.41b)
The Weyl tensor is
Caˆbˆcˆdˆ = −
1
6
(
naˆbˆncˆdˆ − ncˆ[aˆnbˆ]dˆ − ηcˆ[aˆnbˆ]
eˆndˆeˆ + ηdˆ[aˆnbˆ]
eˆncˆeˆ +
1
4
ηaˆ[cˆηdˆ]bˆn
eˆfˆneˆfˆ
)
+
2
3
(
xaˆbˆxcˆdˆ − xcˆ[aˆxbˆ]dˆ − ηcˆ[aˆxbˆ]
eˆxdˆeˆ + ηdˆ[aˆxbˆ]
eˆxcˆeˆ +
1
4
ηaˆ[cˆηdˆ]bˆx
eˆfˆxeˆfˆ
)
. (5.42)
An important observation is in order. It may be seen that the Weyl tensor (5.42)
vanishes (and the spacetime is conformally flat), Caˆbˆcˆdˆ = 0, under the condition
waˆbˆ := Waˆbˆ| = 0 ⇐⇒ naˆbˆ = 2xaˆbˆ . (5.43)
Due to (5.39), in this case we should also have the condition x[aˆbˆxcˆdˆ] = 0, which is
equivalent to the fact that xaˆbˆ is a decomposable bivector, xaˆbˆ = u[aˆvbˆ], for some 5-vectors
uaˆ and vaˆ. Then we deduce from (5.31) that the two-form xbˆcˆ is covariantly constant,
Daˆxbˆcˆ = 0 . (5.44)
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We now present the superspace geometry that generates the bosonic background de-
scribed. In accordance with (5.30), the dimension-1 torsion tensors Sij and Caˆ
ij vanish.
The superspace geometry is determined by the tensorsXaˆbˆ andNaˆbˆ obeying the differential
constraints
DiαˆXaˆbˆ = 0 , D
i
αˆNaˆbˆ = 0 , (5.45a)
DaˆXbˆcˆ =
1
2
εaˆdˆeˆfˆ [bˆXcˆ]
dˆN eˆfˆ , (5.45b)
DaˆNbˆcˆ =
1
2
εaˆdˆeˆfˆ [bˆNcˆ]
dˆN eˆfˆ = −
1
8
ηaˆ[bˆεcˆ]eˆdˆfˆ gˆN
dˆeˆN fˆ gˆ (5.45c)
and the algebraic ones
X[aˆ
cˆNbˆ]cˆ = 0 , X[aˆbˆXcˆ]dˆ = N[aˆbˆNcˆ]dˆ . (5.45d)
The algebra of covariant derivatives is
{
Diαˆ,D
j
βˆ
}
= −2i εijDαˆβˆ − i εαˆβˆε
ijX cˆdˆMcˆdˆ +
i
4
εijεaˆbˆcˆdˆeˆ(Γaˆ)αˆβˆNbˆcˆMdˆeˆ
−4i
(
Xαˆβˆ +Nαˆβˆ
)
J ij , (5.46a)
[Daˆ,D
j
βˆ
] = −
1
2
(
Xaˆbˆ(Γ
bˆ)βˆ
γˆ +
1
4
εaˆbˆcˆdˆeˆN
dˆeˆ(Σbˆcˆ)βˆ
γˆ
)
Djγˆ , (5.46b)
[Daˆ,Dbˆ] = −
1
2
( 1
6
NaˆbˆN
cˆdˆ +
1
6
N[aˆ
[cˆNbˆ]
dˆ] − δ[cˆ[aˆNbˆ]eˆN
dˆ]eˆ +
1
4
NeˆfˆN
eˆfˆδ
[cˆ
[aˆδ
dˆ]
bˆ]
−
2
3
XaˆbˆX
cˆdˆ −
2
3
X[aˆ
[cˆXbˆ]
dˆ]
)
Mcˆdˆ . (5.46c)
This superspace is conformally flat only if Waˆbˆ = Xaˆbˆ −
1
2
Naˆbˆ = 0, and then the bivector
Xaˆbˆ is covariantly constant and decomposable,
Waˆbˆ = 0 =⇒ DAˆXaˆbˆ = 0 , X[aˆbˆXcˆ]dˆ = 0 . (5.47)
6 Vector multiplet compensator
Up to now we have not specified any conformal compensator. Similar to the case of
4D N = 2 supergravity reviewed in [42], two conformal compensators are required in 5D
minimal supergravity. One of them is universally a vector multiplet, while there are several
choices for the second compensator. It may be an O(2) multiplet, or a hypermultiplet, or a
nonlinear multiplet. The dilaton Weyl multiplet automatically includes one compensator,
an on-shell vector multiplet. In the remainder of this paper, we will study the restrictions
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on supersymmetric backgrounds which arise when one or two compensators are turned
on.
As mentioned above, one of the compensators is invariably an Abelian vector multiplet.
The standard way to formulate it is to use gauge covariant derivatives
DAˆ = DAˆ + iVAˆZ , (6.1)
where Z denotes the U(1) generator and VAˆ is the corresponding connection. In general
the gauge covariant derivatives have (anti-)commutation relations
[DAˆ,DBˆ} = TAˆBˆ
Cˆ
DCˆ +
1
2
RAˆBˆ
cˆdˆMcˆdˆ +RAˆBˆ
klJkl + iFAˆBˆZ , (6.2)
in which the torsion, and the Lorentz and SU(2) curvature tensors are the same as before.
In order to describe the vector multiplet, the U(1) field strength FAˆBˆ is constrained such
that its components are [3]
F iαˆ
j
βˆ
= −2iεijεαˆβˆW , Faˆ
j
βˆ
= (Γaˆ)βˆ
γˆDjγˆW , (6.3a)
Faˆbˆ = XaˆbˆW +
i
4
(Σaˆbˆ)
γˆδˆDkγˆDδˆkW . (6.3b)
Here the field strength W is real, W¯ = W , and obeys the Bianchi identity
D(iαˆD
j)
βˆ
W −
1
4
εαˆβˆD
γˆ(iDj)γˆ W =
i
2
Cαˆβˆ
ijW . (6.4)
The super-Weyl transformation law of the field strength W is
δσW = σW . (6.5)
We require the field strength W to be nowhere vanishing, W > 0, so that it can
be used as a conformal compensator. Actually, since W is a Lorentz and SU(2) scalar
superfield, it can be identified with the compensating superfield Φ introduced in section
3.3. Choosing the super-Weyl gauge
W = 1 , (6.6)
completely fixes the super-Weyl gauge freedom. This gauge choice leads to the following
restrictions on the dimension-1 torsion superfields:
Xaˆbˆ = Faˆbˆ , Caˆ
kl = 0 . (6.7)
The superspace geometry described by the gauge covariant derivatives DAˆ and subject
to the condition (6.6) corresponds to the 5D N = 1 minimal supergravity multiplet. It
was discovered by Howe [7] in 1982 in the superspace setting and then was fully elaborated
in [1, 2]. In the component approach, the minimal multiplet was rediscovered by Zucker
in 1999 [4].
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6.1 Supersymmetric backgrounds
All information about the supersymmetric backgrounds that correspond to the min-
imal supergravity multiplet can be extracted from the results in sections 4 and 5. It
suffices to take into account the conditions (6.6) and (6.7). In particular, the Killing
spinor equation (4.23) turns into
Daˆǫ
k =
(1
2
Γaˆs
k
l +
1
2
δkl faˆbˆΓ
bˆ −
1
8
δkl εaˆbˆcˆdˆeˆn
bˆcˆΣdˆeˆ
)
ǫl , (6.8)
where we have denoted faˆbˆ := Faˆbˆ| = xaˆbˆ. By construction, the two-form faˆbˆ is a U(1)
field strength, D[aˆfbˆcˆ] = 0.
All supersymmetric backgrounds with eight supercharges are characterized by the
conditions
faˆbˆs
ij = 0 , naˆbˆs
ij = 0 . (6.9)
The background fields obey the following differential and algebraic conditions:
Daˆs
kl = 0 , (6.10a)
Daˆfbˆcˆ =
1
2
εaˆdˆeˆfˆ [bˆfcˆ]
dˆneˆfˆ , (6.10b)
Daˆnbˆcˆ =
1
2
εaˆdˆeˆfˆ [bˆncˆ]
dˆneˆfˆ = −
1
8
ηaˆ[bˆεcˆ]dˆeˆfˆ gˆn
dˆeˆnfˆ gˆ , (6.10c)
f[aˆ
cˆnbˆ]cˆ = 0 , (6.10d)
f[aˆbˆfcˆ]dˆ = n[aˆbˆncˆ]dˆ ⇐⇒ f[aˆbˆfcˆdˆ] = n[aˆbˆncˆdˆ] . (6.10e)
The curvature tensors can be read off from the results of the previous section by setting
caˆ
ij = 0 and xaˆbˆ = faˆbˆ.
6.2 The dilaton Weyl multiplet
In the superspace setting of [3], the so-called dilaton Weyl multiplet [5, 6] is realized
as the Weyl multiplet coupled to an Abelian vector multiplet such that its field strength
W is nowhere vanishing, W 6= 0, and enjoys the equation
H
ij = 0 , (6.11)
where Hij denotes the following real isovector [3]
H
ij = iDαˆ(iWDj)αˆW +
i
2
WDijW − 2SijW 2 =
i
6W
(
Dij + 12iSij
)
W 3 , (6.12)
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which is constrained by
D(iαˆH
jk) = 0 . (6.13)
This constraint defines an O(2) multiplet.8 The super-Weyl transformation law of Hij is
δσH
ij = 3σHij . (6.14)
Eq. (6.11) is equivalent to
Sij =
i
2W 2
{
Dαˆ(iWDj)αˆW +
1
2
WDijW
}
. (6.15)
Similar to the rigid supersymmetric case [40], eq. (6.11) originates as the equation of
motion in a Chern-Simons model for the vector multiplet.
In the super-Weyl gauge (6.6), we have the condition
Sij = 0 , (6.16)
in addition to the superfield requirements (6.7).
7 O(2) multiplet compensator
There are several ways to choose the second supergravity compensator. Similar to the
situation in 4D N = 2 supergravity (see, e.g., [42] for a review), one of the most popular
choices is a real O(2) multiplet.9 Within the superspace approach of [11], this multiplet
is described by an isovector superfield H ij = Hji = εikεjlHkl which is constrained by
D(iαˆH
jk) = 0 (7.1)
and has the super-Weyl transformation law
δσH
ij = 3σH ij . (7.2)
It is assumed that H ij is nowhere vanishing, H2 := 1
2
H ijHij > 0. The super-Weyl gauge
freedom may be used to impose the gauge condition
H2 = 1 ⇐⇒ H ikH
k
j = −δ
i
j , (7.3)
8In the rigid supersymmetric case, the composite O(2) multiplet (6.12) was introduced in [40].
9It is a 5D analogue of the 4D N = 2 improved tensor multiplet [46, 47].
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which completely fixes the super-Weyl invariance. Now the analyticity constraint (7.1) and
gauge condition (7.3) tell us that H ij is annihilated by all the spinor covariant derivatives,
DiαˆH
jk = 0 . (7.4)
This is consistent under the integrability condition
{
Diαˆ,D
j
βˆ
}
Hkl = 0, which leads to the
following set of constraints:
Sij = S H ij , (7.5a)
Naˆbˆ = −Xaˆbˆ , (7.5b)
DaˆH
ij = Caˆ
k(iHj)k , (7.5c)
for some scalar superfield S.
7.1 Supersymmetric backgrounds
It is of interest to study those supersymmetric backgrounds which support the curved
superspace geometry just described. All information about such backgrounds can be
extracted from the results derived in sections 4 and 5 provided we take into account the
additional conditions (7.3) – (7.5). The Killing spinor equation (4.23) turns into
Daˆǫ
k =
( 1
2
s hklΓaˆ +
1
2
δkl xaˆbˆΓ
bˆ +
1
8
δkl εaˆbˆcˆdˆeˆx
bˆcˆΣdˆeˆ −
1
2
cbˆklΣaˆbˆ
)
ǫl , (7.6)
where we have introduced the component fields
s := S| , hij := H ij| (7.7)
and used the component relations
sij = s hij , naˆbˆ = −xaˆbˆ , (7.8)
which follow from (7.5a) and (7.5b). The isovector field is constrained by
hikh
k
j = −δ
i
j , Daˆh
ij = caˆ
k(ihj)k . (7.9)
7.2 Supersymmetric backgrounds with eight supercharges
Different maximally supersymmetric backgrounds appear depending on whether the
fields s and/or caˆ
ij are zero or not. In fact, there are three cases: (i) s 6= 0 ; (ii)
caˆ
ij 6= s = 0; and s = caˆij = 0. They correspond to those worked out in sections 5.1, 5.2
and 5.3, respectively. The choice of the real O(2) multiplet compensator requires that we
take into account the additional relations (7.8) and (7.9). It is then straightforward to
read off the curvatures and Weyl tensors from the corresponding ones in section 5.
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8 Off-shell supergravity
We turn to an off-shell formulation for 5D minimal supergravity obtained by coupling
the Weyl multiplet to the following compensators: (i) the vector multiplet; and (ii) the
O(2) multiplet. This is the 5D analogue of the off-shell formulation for 4D N = 2
supergravity proposed by de Wit, Philippe and Van Proeyen [46]. Our goal is to elucidate
those restrictions on the supersymmetric backgrounds that follow from the structure of
the compensators chosen.
As has been discussed above, the super-Weyl gauge freedom may be fixed using one
of the two compensators, either by imposing the condition W = 1 or the alternative one
H = 1. To start with, we do not impose any super-Weyl condition and list those off-shell
relations which turn into non-trivial constraints upon imposing a super-Weyl gauge.
In the case of the vector compensator, the Bianchi identity (6.4) can be interpreted
as an equation that expresses Caˆ
kl in terms of W :
Caˆ
ij =
i
2W
(Γaˆ)
αˆβˆD(iαˆD
j)
βˆ
W . (8.1a)
It is also useful to rewrite equation (6.3b) as
Xaˆbˆ =
1
W
(
Faˆbˆ −
i
4
(Σaˆbˆ)
γˆδˆDkγˆDδˆkW
)
. (8.1b)
The relation expresses the torsion superfields Xaˆbˆ in terms of the vector multiplet. In the
super-Weyl gauge W = 1, the relations (8.1) take the form (6.7).
In the case of the O(2) compensator, the off-shell constraint on H ij, eq. (7.1), implies
the following relations:
Xaˆbˆ +Naˆbˆ =
i
4
(Σaˆbˆ)
αˆβˆH
1
2DkαˆDβˆkH
− 1
2 ; (8.2a)
S(ikH
j)k = −
i
48H2
H(ik
(
Dαˆj)DkαˆH
2 − 2(Dαˆj)H)DkαˆH
)
; (8.2b)
C
(i
aˆ kH
j)k = −DaˆH
ij −
i
16H2
(Γaˆ)
αˆβˆH(ik
(
Dj)αˆD
k
βˆ
H2 − 2(Dj)αˆH)D
k
βˆ
H
)
. (8.2c)
The first relation completely determines Xaˆbˆ + Naˆbˆ in terms of H
ij. In the super-Weyl
gauge H = 1, the relations (8.2) reduce to (7.5).
8.1 Supersymmetric backgrounds
Looking at the relations (8.1) and (8.2), it appears that the super-Weyl gauge H = 1
is simpler to deal with. This gauge condition and its implications, worked out in section
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7, will be used in the remainder of this section. We have to analyse the implications of
the supersymmetry invariance of W ,
ξAˆDAˆW = 0 . (8.3)
As before, we are interested in purely bosonic backgrounds, and thus we require
DiαˆW | = 0 . (8.4)
Demanding this condition to be supersymmetric, δ(DiαˆW )| = 0, gives
ǫαˆi
[
εαˆβˆε
γˆδˆD(iγˆD
j)
δˆ
+ (Γaˆ)αˆβˆ(Γaˆ)
γˆδˆ
(
D(iγˆD
j)
δˆ
− iεijDαˆβˆ
)
+ εij(Σaˆbˆ)αˆβˆ(Σaˆbˆ)
γˆδˆDkγˆDδˆk
]
W | = 0 . (8.5)
This is equivalent to[
yij1+ 2wcaˆ
ij Γaˆ − 4εijΓaˆDaˆw + 4ε
ij
(
faˆbˆ − wxaˆbˆ
)
Σaˆbˆ
]
ǫj = 0 , (8.6)
where we have introduced the component fields
w := W | , yij := iDγˆ(iDj)γˆ W | . (8.7)
By construction, the scalar w is nowhere vanishing. Eq. (8.6) is the additional condition
on any supersymmetric background, which comes from the vector compensator. The other
conditions are given in subsection 7.1.
8.2 Supersymmetric backgrounds with eight supercharges
In the case of maximally supersymmetric backgrounds, equation (8.6) is solved by
w = const , yij = 0 , caˆ
ij = 0 , xaˆbˆ =
1
w
faˆbˆ . (8.8)
It should be kept in mind that the two-form f := 1
2
faˆbˆe
aˆebˆ is a U(1) field strength, and
hence it is closed, df = 0.
Since we consider the maximally supersymmetric backgrounds, it follows from eq.
(8.4) that
DiαˆW = 0 =⇒ W = const . (8.9)
The first and second conditions in (8.8) are corollaries of this result. From (8.1a) we also
deduce
Caˆ
ij = 0 . (8.10)
We can now use the results of section 5 to describe maximally supersymmetric back-
grounds in off-shell supergravity. Note that in our case caˆ
ij = 0 and naˆbˆ = −xaˆbˆ.
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8.2.1 The case s 6= 0
When the scalar s is nonzero, all conclusions of subsection 7.2 hold. In particular, the
spacetime has AdS5 geometry.
8.2.2 The case s = 0
It remains to consider the case s = 0. Then sij = 0 and caˆ
ij = 0, and the geometry is
formulated in terms of a single two-form x = 1
2
xaˆbˆe
aˆebˆ such that
Daˆxbˆcˆ =
1
8
ηaˆ[bˆεcˆ]dˆeˆfˆ gˆx
dˆeˆxfˆ gˆ . (8.11)
This equation implies that the two-form x is closed, dx = 0, which is consistent with the
relation xaˆbˆ = (1/w)faˆbˆ.
9 Supersymmetric solutions in Poincare´ and anti-de
Sitter supergravities
In sections 6 and 7, we studied the restrictions on supersymmetric backgrounds that
originate due to the presence of a single conformal compensator. In section 8 we con-
sidered the off-shell supergravity formulation obtained by coupling the Weyl multiplet to
two compensators: (i) the vector multiplet; and (ii) the O(2) multiplet. It was demon-
strated that the presence of a second compensator leads to additional restrictions on
supersymmetric backgrounds. Now we turn to analysing supersymmetric solutions in this
supergravity theory, with or without a cosmological term. Our analysis will be restricted
to the case of on-shell supergravity backgrounds.
It may be shown that the supergravity equations of motion10 are
H −W 3 = 0 , (9.1a)
H
ij + χH ij = 0 , (9.1b)
W+ 3χW = 0 , (9.1c)
with χ the cosmological constant. Here Hij is the composite O(2) multiplet (6.12), and
W is a composite vector multiplet constructed out of the O(2) compensator. The latter
10Similar equations of motion occur in 4D N = 2 (gauged) supergravity [48, 49].
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is defined by
W = W¯ =
i
4
H
(
Dij + 12iSij
)(Hij
H2
)
(9.2)
and obeys the Bianchi identity
D(iαˆD
j)
βˆ
W−
1
4
εαˆβˆD
γˆ(iDj)γˆ W =
i
2
Cαˆβˆ
ij
W . (9.3)
Its super-Weyl transformation law is
δσW = σW . (9.4)
Let us comment on the equations of motion (9.1). The supergravity theory is described
in terms of three interacting multiplets: (i) the Weyl multiplet; (ii) the vector multiplet;
and (iii) the O(2) multiplet. It may be shown that, modulo gauge freedom, the Weyl
multiplet is described by a single unconstrained real prepotential G.11 The equation
(9.1a) is obtained by varying the supergravity action with respect to G. The meaning of
(9.1a) is that the supercurrent of pure supergravity is equal to zero.
In general, given a super-Weyl invariant theory of dynamical (matter) superfields ϕi
coupled to the Weyl multiplet, the supercurrent of this theory is a real scalar superfield
defined by
T =
∆
∆G
S[ϕ] , (9.5)
where ∆/∆G denotes a covariantized variational derivative with respect to G. The su-
percurrent turns out to obey the conservation equation12(
Dij + 12iSij
)
T = 0 (9.6)
provided the dynamical superfields obey their equations of motion, δS[ϕ]/δϕi = 0. The
super-Weyl transformation law of T is
δσT = 3σT , (9.7)
which makes the equation (9.6) super-Weyl invariant. It is an instructive exercise to prove
that the left-hand side of (9.1a) obeys the constraint(
Dij + 12iSij
)
(H −W 3) = 0 (9.8)
11This can be done in complete analogy with the case of 4D N = 2 supergravity [50].
12The supercurrent multiplet in 5D N = 1 Poincare´ supersymmetry was introduced by Howe and
Lindstro¨m [8].
31
provided the equations (9.1b) and (9.1c) hold.
The equations of motion (9.1b) and (9.1c) correspond to the vector and O(2) com-
pensators, respectively. The derivation of these equations will be given elsewhere.
Note that we can always choose the super-Weyl gauge (7.3),
H = 1 . (9.9)
As shown in section 7, this gauge condition implies
DiαˆH
jk = 0 , Sij = SH ij , (9.10)
for some scalar superfield S. Due to the equation of motion (9.1a), the field strength W
also becomes constant,
W = 1 . (9.11)
Moreover, both eqs. (9.1b) and (9.1c) become equivalent to
S =
1
2
χ . (9.12)
Since W = 1 and H = 1 on the mass shell, it holds that
Caˆ
kl = 0 , Xaˆbˆ = Faˆbˆ = −Naˆbˆ . (9.13)
Due to (7.5c), Hkl is actually covariantly constant,
DAˆH
kl = 0 , (9.14)
and therefore the SU(2) curvature factorizes,
RAˆBˆ
kl = RAˆBˆH
kl , (9.15)
for a closed super two-form RAˆBˆ given by
Riαˆ
j
βˆ
=
3i
2
χεαˆβˆε
ij , Raˆ
j
βˆ
= 0 , Raˆbˆ = −
3
4
χFaˆbˆ . (9.16)
This super two-form proves to be proportional to the U(1) field strength FAˆBˆ, eq. (6.3),
RAˆBˆ = −
3
4
χFAˆBˆ . (9.17)
Now the local SU(2) symmetry may be used to choose the corresponding connection in the
form ΦAˆ
kl = ΦAˆH
kl. As a result, the SU(2) group reduces to a U(1) subgroup generated
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by J := −iHklJkl. Due to (9.17), we may identify (up to a factor) ΦAˆ with the U(1)
connection VAˆ in (6.1).
For on-shell supergravity under consideration, we are interested in backgrounds that
possess some rigid supersymmetry. Using the gauge conditions described, the Killing
spinor equation (6.8) turns into
Daˆǫ
k =
1
4
χΓaˆh
k
lǫ
l +
1
8
δkl fbˆcˆ
(
εaˆ
bˆcˆdˆeˆΣdˆeˆ + 4δ
bˆ
aˆΓ
cˆ
)
ǫl . (9.18)
The Killing spinor equation (9.18) coincides with the one derived in [51]. In the case of
Poincare´ supergravity, χ = 0, it reduces to the Killing spinor equation given in [43]. The
supersymmetric backgrounds for on-shell simple Poincare´ and anti-de Sitter supergravity
theories in five dimensions have been studied in detail in [43] and [51], respectively. There
is no need to repeat here the analysis given there.
In the case of anti-de Sitter supergravity, χ 6= 0, the isovector sij is non-zero, sij =
1
2
χhij . Then our earlier analysis implies that AdS5 is the only maximally supersymmetric
solution. This agrees with the conclusions of [51].
10 Concluding comments
In this paper we have developed the formalism to construct off-shell supersymmet-
ric backgrounds within the superspace formulation for 5D conformal supergravity [3].
For those superspace backgrounds which obey the equations of motion for Poincare´ or
anti-de Sitter supergravity, we have naturally reproduced the supersymmetric solutions
constructed in [43, 51].
Although we presented a number of supersymmetric backgrounds, a classification of
such semi-Riemannian spaces was not our goal. Given a semi-Riemannian space that
admits at least one rigid supersymmetry, our ultimate aim was to embed it in a curved
background superspace such that its geometry is of the type described in section 2. After
that it becomes trivial to generate rigid supersymmetric theories on this space by making
use of the off-shell supergravity-matter systems presented in [1, 2, 3]. In this sense, the
curved superspace approach is much more powerful than the Noether procedure advo-
cated, e.g., in [19].
To illustrate the power of the curved superspace approach at generating rigid super-
symmetric theories, it suffices to consider the example of 5D anti-de Sitter space. Eight
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years ago, two of us [11] constructed the most general off-shell supersymmetric nonlinear
σ-models in 5D N = 1 AdS superspace formulated in terms of covariant weight-zero polar
hypermultiplets. A year later, the construction of [11] was extended to the case of 4D
N = 2 AdS supersymmetry [13]. However, since the σ-models proposed in [11, 13] made
use of off-shell supermultiplets with infinitely many auxiliary fields, which have never been
dealt with in the framework of superconformal tensor calculus, these theories remained
largely unnoticed. In 2011, two separate developments took place. The most general
nonlinear σ-models with 4D N = 2 AdS and 5D N = 1 AdS supersymmetries were
constructed in [14] and [52, 53], respectively, in terms of 4D N = 1 chiral superfields.13
The common feature of the 4D N = 2 and 5D N = 1 AdS supersymmetries is that
the σ-model target spaces are those hyperka¨hler manifolds which possess a Killing vector
field generating an SO(2) group of rotations on the two-sphere of complex structures.14
Not all hyperka¨hler manifolds possess such an SO(2) isometry group. This clearly differs
from the 4D N = 2 or 5D N = 1 Poincare´ supersymmetries where arbitrary hyperka¨hler
manifolds can originate as target spaces of supersymmetric σ-models [55, 56]. In 2012,
Ref. [15] established the one-to-one correspondence between the two types of N = 2
supersymmetric σ-models in AdS4: the off-shell [13] and the on-shell [14] ones. Similar
considerations may be used to establish a one-to-one correspondence between the N = 1
supersymmetric σ-models in AdS5 constructed in [11] and [52].
The off-shell supersymmetric σ-models with eight supercharges in AdS4 [13] and AdS5
[11] are constant-curvature deformations of the family of N = 2 rigid supersymmetric
σ-models in R3,1 introduced in [57] and studied in [58, 59] (see also [40] for the 5D N = 1
extension).15 The target space M of such a nonlinear σ-model was shown in [57, 58, 59]
to be an open domain of the zero section of the cotangent bundle T ∗X of a real analytic
Ka¨hler manifold X (the off-shell σ-model action [57] is constructed in terms of the Ka¨hler
potential K(Φ, Φ¯) of X ). Since the target spaces of any 4D N = 2 rigid supersymmetric
σ-models are hyperka¨hler [55],M is a hyperka¨hler manifold, for any real analytic Ka¨hler
manifold X . Thus the superspace construction of [57, 58, 59] provided a proof that there
exists a hyperka¨hler structure on an open domain of the zero section of the cotangent
bundle T ∗X of a real analytic Ka¨hler manifold X . This proof is much simpler than
the ones given in the mathematical literature [60, 61] and appeared two years earlier
13The component formulation of the 5D N = 1 supersymmetric σ-models constructed in [52] was given
in [53].
14Such hyperka¨hler manifolds were first described in [54].
15The supersymmetric σ-models introduced in [57] form a special subfamily in the general family of
polar multiplet σ-models pioneered by Lindstro¨m and Rocˇek [10].
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than [61].16 For any real analytic Ka¨hler manifold X , the off-shell σ-model action of
[57, 58, 59] possesses a U(1) rigid symmetry, which manifests in a certain U(1) isometry
of the hyperka¨hler space T ∗X . This U(1) isometry acts by scalar multiplication in the
fibres and rotates the complex structures. This U(1) isometry group of T ∗X plays an
important role in [60, 61].
In the case of maximally supersymmetric backgrounds considered in subsection 5.2,
it is not difficult to construct a family of rigid supersymmetric σ-models as a general-
ization of the locally supersymmetric off-shell nonlinear σ-models given in [1, 2, 3]. The
dynamical variables of such a theory are a set of interacting covariantly arctic weight-
zero multiplets ΥI and their smile-conjugates Υ˘I¯ , and the dynamics is described by a
projective-superspace Lagrangian of the form
L++ = C++K(Υ, Υ˘) , C++ = C iju+i u
+
j , (10.1)
where K(ΦI , Φ¯J¯) is the Ka¨hler potential of a real analytic Ka¨hler manifold M, and u+i
are homogeneous complex coordinates for CP 1. The supersymmetric action constructed
from L++ proves to be invariant under Ka¨hler transformations of the form
K(Υ, Υ˘) → K(Υ, Υ˘) + Λ(Υ) + Λ¯(Υ˘) , (10.2)
with Λ(ΦI) a holomorphic function. It is of interest to understand the target-space geom-
etry of such nonlinear σ-models, in particular its dependence on the 5-vector parameter
C aˆ of the curved superspace under consideration.
It appears that only superconformal σ-sigma models can be consistently defined in the
case of those maximally supersymmetric backgrounds in subsection 5.3 that are charac-
terized by the condition Xaˆbˆ + Naˆbˆ 6= 0, because the holonomy group of the superspace
(5.46) then includes the R-symmetry group SU(2). However, if Xaˆbˆ +Naˆbˆ = 0, the SU(2)
curvature is identically zero.
In our discussion of 5D supersymmetric backgrounds, the bosonic conditions (4.1) were
postulated. Actually such conditions naturally originate as consistency requirements for
the existence of rigid supersymmetry transformations. Indeed, let T be any bosonic com-
ponent of the superspace torsion and curvature tensors in (2.7), which correspond to a
16One of the authors of [58] (SMK) was informed about Kaledin’s work [60] only after his talk, which
was given at the 32nd International Symposium Ahrenshoop on the Theory of Elementary Particles (1-5
September 1998, Buckow, Germany) and in which the results of [58] were announced. Ref. [59] is a
written version of the talk given.
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supersymmetric background. The variation of T under a rigid supersymmetry transfor-
mation must vanish, and hence
0 = ǫαˆi D
i
αˆT | , (10.3)
where we have made use of the conditions K aˆbˆ| = 0, Kij | = 0 and σ[ξ] = 0. For this
to hold, it suffices to require the spinor component DiαˆT | to vanish, D
i
αˆT | = 0. On
the other hand, if we are only interested in those backgrounds that possess conformal
supersymmetries, it is not necessary to impose the bosonic conditions (4.1). To see this,
let us start from a purely bosonic background possessing a conformal supersymmetry
and then introduce a conformally related superspace defined by (3.14). For the latter
superspace, the requirements (4.10) still hold, but some of the conditions K aˆbˆ| = 0,
Kij | = 0 and σ| = 0 are no longer true. Moreover, some fermionic components of the
superspace torsion and curvature tensors may be non-zero.
Recently, there have appeared two publications devoted to supersymmetric back-
grounds for 5D N = 1 supergravity with Euclidean signature [62, 63]. Our conformal
Killing equation (4.23) is analogous to those given in [62, 63].
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A (Conformal) isometries in curved space
In this appendix we recall how the problem of computing the (conformal) isometries
of a curved spacetime is addressed within the Weyl-invariant formulation for gravity [64].
Our presentation follows [65].
We start by recalling three known approaches to the description of gravity in d dimen-
sions: (i) metric formulation; (ii) vielbein formulation; and (iii) Weyl-invariant formula-
tion. In the standard metric approach, the gauge field is a metric tensor gmn(x) = gnm(x)
constrained to be nonsingular, g := det(gmn) 6= 0. The gauge transformation is
δgmn = ∇mξn +∇nξm , (A.1)
with the gauge parameter ξ = ξm(x)∂m being a vector field generating an infinitesimal
diffeomorphism.
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In the vielbein formulation, the gauge field is a vielbein em
a(x) that constitutes a
basis in the tangent space at x, for any spacetime point x, e := det(em
a) 6= 0. The metric
becomes a composite field defined by gmn = em
aen
bηab. The gauge group is now larger than
in the metric approach. It includes general coordinate and local Lorentz transformations,
δ∇a = [ξ
b∇b +
1
2
KbcMbc,∇a] , (A.2)
with the gauge parameters ξa(x) = ξm(x)em
a(x) and Kab(x) = −Kba(x) being completely
arbitrary. The gauge transformation makes use of the torsion-free covariant derivatives
∇a = ea
m∂m +
1
2
ωa
bcMbc , [∇a,∇b] =
1
2
Rab
cdMcd . (A.3)
Here Mbc = −Mcb denotes the Lorentz generators, eam the inverse vielbein, eamemb = δab,
and ωa
bc the torsion-free Lorentz connection.
As is well known, the torsion-free constraint
Tab
c = 0 ⇐⇒ [∇a,∇b] ≡ Tab
c∇c +
1
2
Rab
cdMcd =
1
2
Rab
cdMcd (A.4)
is invariant under Weyl (local scale) transformations
∇a →∇
′
a = e
σ
(
∇a + (∇
bσ)Mba
)
, (A.5)
with the parameter σ(x) being completely arbitrary. This transformation is induced by
that of the gravitational field
ea
m → eσea
m =⇒ gmn → e
−2σgmn . (A.6)
Most field theories in curved space do not possess Weyl invariance. In particular, the pure
gravity action with a cosmological term
S =
1
2κ2
∫
ddx eR −
Λ
κ2
∫
ddx e (A.7)
is not invariant under the Weyl transformations (A.5).
Weyl-invariant matter theories are curved-space extensions of ordinary conformally
invariant theories. As an example, consider the model for a scalar field ϕ with action
S = −
1
2
∫
ddx e
{
∇aϕ∇aϕ+
1
4
d− 2
d− 1
Rϕ2 + λϕ2d/(d−2)
}
, (A.8)
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with R the scalar curvature and λ a coupling constant. The action is Weyl invariant17
provided ϕ transforms as
ϕ→ ϕ′ = e
1
2
(d−2)σϕ . (A.9)
In the Weyl-invariant formulation for gravity, the gravitational field is described in
terms of two gauge fields. One of them is the vielbein em
a(x) and the other is a conformal
compensator ϕ(x) with the Weyl transformation law (A.9). Unlike the matter model
(A.8), the compensator is constrained to be nowhere vanishing, ϕ 6= 0. The gravity gauge
group is defined to include the general coordinate, local Lorentz and Weyl transformations
δ∇a = [ξ
b∇b +
1
2
KbcMbc,∇a] + σ∇a + (∇
bσ)Mba ≡ (δK + δσ)∇a , (A.10a)
δϕ = ξb∇bϕ+
1
2
(d− 2)σϕ ≡ (δK + δσ)ϕ , (A.10b)
where we have denoted K := ξb∇b +
1
2
KbcMbc. In this approach, any dynamical sys-
tem is required to be invariant under the general coordinate, local Lorentz and Weyl
transformations. In particular, the Weyl-invariant gravity action is
S =
1
2
∫
ddx e
{
∇aϕ∇aϕ+
1
4
d− 2
d− 1
Rϕ2 + λϕ2d/(d−2)
}
. (A.11)
Applying a finite Weyl transformation allows us to choose a gauge
ϕ =
1
2κ
√
d− 1
d− 2
, (A.12)
in which the action turns into (A.7).
A vector field ξ = ξm∂m = ξ
aea, with ea := ea
m∂m, is conformal Killing if there exist
local Lorentz Kbc[ξ] and Weyl σ[ξ] parameters such that[
ξb∇b +
1
2
Kbc[ξ]Mbc,∇a
]
+ σ[ξ]∇a + (∇
bσ[ξ])Mba = 0 . (A.13)
A short calculation gives
Kbc[ξ] =
1
2
(
∇bξc −∇cξb
)
, σ[ξ] =
1
d
∇bξ
b (A.14)
as well as the conformal Killing equation
∇aξb +∇bξa = 2ηabσ[ξ] . (A.15)
17The Weyl transformation law of R is R→ e2σ
{
R+ 2(d− 1)∇a∇aσ − (d− 2)(d− 1)(∇aσ)∇aσ
}
.
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The set of all conformal Killing vector fields of a given spacetime is a finite-dimensional
Lie algebra with respect to the standard Lie bracket for vector fields. It is the conformal
algebra of the spacetime.
Two spacetimes (∇a, ϕ) and (∇˜a, ϕ˜) are said to be conformal if their covariant deriva-
tives are related to each other as follows:
∇˜a = e
ρ
(
∇a + (∇
bρ)Mba
)
, ϕ˜ = e
1
2
(d−2)ρϕ , (A.16)
for some ρ. These spacetimes have the same conformal Killing vector fields ξ = ξaea =
ξ˜ae˜a. The parameters K
cd[ξ˜] and σ[ξ˜] are related to Kcd[ξ] and σ[ξ] as follows:
K[ξ˜] := ξ˜b∇˜b +
1
2
Kcd[ξ˜]Mcd = K[ξ] , (A.17)
σ[ξ˜] = σ[ξ]− ξρ . (A.18)
A vector field ξ = ξm∂m = ξ
aea, with ea := ea
m∂m, is Killing if there exist local Lorentz
Kbc[ξ] and Weyl σ[ξ] parameters such that[
ξb∇b +
1
2
Kbc[ξ]Mbc,∇a
]
+ σ[ξ]∇a + (∇
bσ[ξ])Mba = 0 , (A.19a)
ξϕ+
1
2
(d− 2)σ[ξ]ϕ = 0 . (A.19b)
The set of all conformal Killing vector fields of a given spacetime is a finite-dimensional Lie
algebra. By construction, it is a subalgebra of the conformal algebra of the spacetime. The
Killing equations (A.19) are Weyl invariant in the following sense. Given a conformally
related spacetime (∇˜a, ϕ˜) defined by eq. (A.16), the Killing equations (A.19) have the
same functional form when rewritten in terms of (∇˜a, ϕ˜). In particular,
ξϕ˜+
1
2
(d− 2)σ[ξ˜]ϕ˜ = 0 . (A.20)
Due to Weyl invariance, we can work with a conformally related spacetime such that
ϕ = 1 . (A.21)
Then for d > 2 the Killing equations turn into[
ξb∇b +
1
2
Kbc[ξ]Mbc,∇a
]
= 0 , σ[ξ] = 0 . (A.22)
This is equivalent to the standard Killing equation
∇aξb +∇bξa = 0 . (A.23)
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B Conformal Killing spinors and bilinears
The famous classification of supersymmetric solutions [43, 51] in 5D N = 1 Poincare´
and anti-de Sitter supergravity theories was based on the use of the algebraic and differ-
ential properties of bilinears constructed from a Killing spinor. In this appendix we study
the properties of such bilinears associated with (conformal) Killing spinors in off-shell
supergravity.
Given a commuting spinor ǫiαˆ, we may construct the following real bilinears:
F := ǫkγˆǫ
γˆ
k , (B.1a)
Vaˆ := (Γaˆ)
αˆβˆǫkαˆǫβˆk , (B.1b)
Gaˆbˆ
ij := −(Σaˆbˆ)
αˆβˆǫ
(i
αˆǫ
j)
βˆ
= G[aˆbˆ]
(ij) . (B.1c)
It is straightforward to show that the above bilinears satisfy the algebraic identities
V aˆVaˆ = −F
2 , (B.2a)
εaˆbˆcˆdˆeˆGbˆcˆ
ijGdˆeˆkl = −δ
i
(kδ
j
l)V
aˆF , (B.2b)
V aˆGaˆbˆ
ij = 0 , (B.2c)
εaˆbˆcˆdˆeˆVcˆGdˆeˆ
ij = 2GaˆbˆijF , (B.2d)
Gaˆ
cˆijGcˆbˆ
kl =
1
8
εk(iεj)l(ηaˆbˆF
2 + VaˆVbˆ) +
1
4
εk(iFGaˆbˆ
j)l +
1
4
εl(iFGaˆbˆ
j)k , (B.2e)
Vαˆβˆǫ
βˆj = Fǫjαˆ , (B.2f)
Gαˆβˆ
ijǫβˆk = −
1
2
εk(iFǫ
j)
αˆ , (B.2g)
where
Vαˆβˆ = (Γ
aˆ)αˆβˆVaˆ , Gαˆβˆ
ij =
1
2
(Σaˆbˆ)αˆβˆGaˆbˆ
ij . (B.3)
Eq. (B.2a) tells us that the five-vector V aˆ is time-like or null.
Let ǫiαˆ be a conformal Killing spinor obeying the equation (4.12). We then find the
differential identities
DaˆF = i(Γaˆ)αˆ
βˆηk
βˆ
ǫαˆk + xaˆbˆV
bˆ +Gaˆbˆ
klcbˆkl , (B.4a)
DaˆVbˆ = iηaˆbˆη
γˆkǫγˆk − 2i(Σaˆbˆ)
αˆβˆηkαˆǫβˆk − sklGaˆbˆ
kl −
1
2
xaˆbˆF
−
1
8
εaˆbˆcˆdˆeˆn
cˆdˆV eˆ +
1
4
εaˆbˆcˆdˆeˆc
cˆklGdˆeˆkl , (B.4b)
DaˆGbˆcˆ
ij =
i
2
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆη
(i
αˆ ǫ
j)
βˆ
− iηaˆ[bˆ(Γcˆ])
αˆβˆη
(i
αˆ ǫ
j)
βˆ
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−
1
2
εaˆbˆcˆdˆeˆs
(i
kG
dˆeˆj)k −
1
2
ηaˆ[bˆs
ijVcˆ]
−
1
2
εdˆeˆfˆ bˆcˆxaˆ
dˆGeˆfˆ ij +
1
2
εdˆeˆfˆ aˆ[bˆn
dˆeˆGcˆ]
fˆ ij
− c[bˆ
(i
kGcˆ]aˆ
j)k + ηaˆ[bˆc
dˆ(i
kGcˆ]dˆ
j)k
+
1
2
ηaˆ[bˆccˆ]
ijF +
1
8
εaˆbˆcˆdˆeˆc
dˆijV eˆ . (B.4c)
These imply
Dˆ(aˆVbˆ) =
1
5
ηaˆbˆDˆ
cˆVcˆ , (B.5a)
Dˆ(aˆGbˆ)cˆ
ij = −1
4
ηaˆbˆDˆ
dˆGcˆdˆ
ij + 1
4
ηcˆ(aˆDˆ
dˆGbˆ)dˆ
ij , (B.5b)
where Dˆaˆ denotes the covariant derivative (4.15). Eq. (B.5a) is equivalent to the confor-
mal Killing equation (4.18).
Now let us restrict ǫiαˆ to be a Killing spinor, and hence η
αˆ
k = 0. Then we have
DaˆF = xaˆbˆV
bˆ +Gaˆbˆ
klcbˆkl =⇒ V
aˆDaˆF = 0 , (B.6a)
DaˆVbˆ = −s
klGaˆbˆkl −
1
2
xaˆbˆF −
1
8
εaˆbˆcˆdˆeˆn
cˆdˆV eˆ +
1
4
εaˆbˆcˆdˆeˆc
cˆklGdˆeˆkl . (B.6b)
and therefore V aˆ is a Killing vector field, eq. (4.24). Relation (B.5b) turns into
DaˆGbˆcˆ
ij = −
1
2
εaˆbˆcˆdˆeˆs
(i
kG
dˆeˆj)k −
1
2
ηaˆ[bˆs
ijVcˆ]
−
1
2
εdˆeˆfˆ bˆcˆxaˆ
dˆGeˆfˆ ij +
1
2
εdˆeˆfˆ aˆ[bˆn
dˆeˆGcˆ]
fˆ ij
− c[bˆ
(i
kGcˆ]aˆ
j)k + ηaˆ[bˆc
dˆ(i
kGcˆ]dˆ
j)k
+
1
2
ηaˆ[bˆccˆ]
ijF +
1
8
εaˆbˆcˆdˆeˆc
dˆijV eˆ . (B.6c)
The last result implies
D[aˆGbˆcˆ]
ij = −
1
2
εaˆbˆcˆdˆeˆs
(i
kG
dˆeˆj)k +
1
8
εaˆbˆcˆdˆeˆc
dˆijV eˆ − c[aˆ
(i
kGbˆcˆ]
j)k
+
1
2
εdˆeˆfˆ [aˆbˆ(n
dˆeˆ + xdˆeˆ)Gcˆ]
fˆ ij (B.7)
and
DˆaˆGaˆbˆ
ij = −sijVbˆ + c
dˆ(i
kGcˆdˆ
j)k + ccˆ
ijF . (B.8)
Relation (B.7) dramatically simplifies if we are dealing with a supersymmetric solution
of supergravity. In accordance with (9.13), we then have
D[aˆGbˆcˆ]
ij = −
1
2
εaˆbˆcˆdˆeˆs
(i
kG
dˆeˆj)k , (B.9)
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where sij = 1
2
χhij is covariantly constant. In the case of Poincare´ supergravity, χ = 0
and the right-hand side of (B.9) vanishes. Thus the three two-forms Gij := 1
2
Gaˆbˆ
ijeaˆebˆ
are closed,18
dGij = 0 . (B.10)
If the Killing vector V aˆ is time-like, the closed two-forms Gij turn out to define a hyper-
Ka¨hler structure on a 4D submanifold orthogonal to the orbit of V aˆ [43].
In the case of anti-de Sitter supergravity, χ 6= 0, we may introduce a two-form G :=
sij G
ij . In accordance with (B.9), it is closed,
dG = 0 . (B.11)
From eq. (B.2e) we also deduce
Gaˆ
cˆGcˆ
bˆ = −
1
4
χ2(δaˆ
bˆF 2 + VaˆV
bˆ) (B.12)
If the Killing vector V aˆ is time-like, the closed two-form G proves to define a Ka¨hler
structure on a 4D submanifold orthogonal to the orbit of V aˆ [51].
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